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Abstract

With the advent of the big data era, traditional data analysis tools are facing challenges
in handling high-dimensional, nonlinear, and heterogeneous data. Tensor factorization
models have become a hot topic of research due to their ability to deeply mine the
higher-order structure of data, especially showing broad application prospects in fields
such as finance, biomedicine, and social sciences. This article focuses on the robust
estimation techniques of the Tucker tensor factorization model. The innovation of this
method lies in the establishment of a minimization objective function by introducing an
exponential squared loss function, followed by the robust estimation of model
parameters through iterative optimization. The main purpose is to enhance the accuracy
of estimation and the adaptability of the model to outliers. Subsequent validation was
conducted through large-scale simulation experiments. Comparison results confirm that
the robust estimation method proposed in this paper demonstrates significant
advantages in terms of estimation accuracy and robustness, especially in dealing with
data with heavier tail distributions, where its performance is particularly outstanding.
Finally, we apply the method to a set of mobile video data and show that the robust
approach can lead to better analysis results.
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1. Introduction

Tensor factor models are advanced data analysis tools used for processing and analyzing
multidimensional data. In reference [1], the authors were the pioneers in proposing a modeling
method for tensor time series factor models, introducing two types of factor load estimation
methods: TOUUP and TIPUP. [2] combined tensor decomposition with Bayesian estimation
methods to analyze tensor time series data, which can predict and analyze in cases of many
missing values in the tensor time series. [3] proposed a computationally efficient PCA and
orthogonalization algorithm for tensor CP decomposition. [4] proposed a tensor time series
factor model method, mainly using tensor CP decomposition for analyzing high-dimensional
dynamic tensor time series. Since the vector column space after CP decomposition has
uniqueness, it has distinctly different estimation properties from the Tucker tensor
decomposition factor model. [5] proposed improved versions of the iTOPIP and iTIPUP
iterative algorithms based on the combination of TOUPU and TIPUP, with greater estimation
accuracy but at a higher computational cost. [6] introduced a pre-averaging method, it was
compared with TOPUP and TIPUP, showing that this method has better estimation accuracy
under Gaussian tensor data. [7] proposed a factor estimation method for heavy-tailed matrix
time series data. However, there is a lack of research on tensor time series data of third order
and above. [8] proposed the moPCA estimation method for tensor factor matrixization and
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derived the iterative version of the [IPmoPCA method. Compared to the iTOPIP and iTIPUP
iterative algorithms by [5], this method has significantly lower computational costs and notably
superior estimation accuracy than the methods mentioned above. However, the IPmoPCA
method is effective only for nonheavy-tailed data and essentially fails for tensor heavy-tailed
data. This letter primarily introduces an exponential squared loss function into the Tucker
tensor factorization model, establishing a robust factor estimation method. A new weighted
iterative projection estimation method is proposed, and through random simulations, it has
been confirmed that the weighted iterative projection estimation method under exponential
squared loss outperforms other methods. Finally, the effectiveness of the method is validated
through analysis of actual data.

2. Robust Iterative Algorithm for Tensor Factor Models

2.1. Symbol Description

For a matrix 4, A" is the transpose of 4, Tr(A) is the trace of A. For two matrices A € R’/ and
BeRFLAQ B = (a"fB)zx] € RIKXJL denotes the Kronecker product(a special form of tensor

outer product) of matrices A and B. Let p_q = [[PeqPi = P1P2 " Pa—1Pd+1 " Pp and k_g =
M2.qki = kiky - ky_1ky.q - kp with d being the placeholder and Ay =Ap ® - Q
A1 ®A;-1 ® - ® Ay € RP-4, For a tensor X € RP1*P2X*Pp the mode- d unfolding matrix
X g RPaXP-d is 3 p; X p_4 matrix by assembling all p_; mode- d fibers as columns of the
matrix, which maps a tensor X to a matrix X(®) € RP4XP-d, The d-mode product of tensor § €
R™**"p and matrix U € RP4*"d is defined as § X 4U € RM*"*Td-1XPaxTa+1XXTD wjth the

. - _ T k) _ k
(ll, ...,lD) -th element (S X dU)i1,...,iD = Z]':=1Si1,---,].d ,,,,, iDUidJ.d and y( ) = US( ) . The
Frobenious norm of a tensor X € RE{VPZ7PP is  defined as || X llp=
p1  \yPD 2 172
ir=1 ip=1"Viyip :

2.2. Exponentially Squared Weighted Iterative Estimation
For the observed tensor time series X, ..., X7 € RP1*P2X*PD consider the following TFM with
a Tucker low rank structure:

xt:5t+(€t, St:j:t X1A1 XZ "‘XDAD, (1)

where S, is an unknown low-rank signal part, F, € Rk1Xk2X"Xkp j5 3 Jow-dimensional
(kg < pg) latent tensor factor, 4; € RP4*¥d js an unknown mode- d loading matrix for d € [D]
,X 4 is the mode- d product, and £, € RP1*P2*"*PD js g noise tensor. Model (2) can be rewritten
as the Tucker-TFM:

thj:'tX 1A1 XZ "'XDAD +£t' (2)
In order to ensure model (2)to be identifiable, we introduce the identifiability condition:

p—ldA;Ad =1, for d = 1,2,,D. (3)

The estimation of the load matrix can be solved by establishing a minimization objective
function through the following exponential square function:
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The estimation of the load matrix can be solved by establishing a minimization objective
function through the following exponential square function:

. Jxe=Fex By 4all,
mln{A,ﬂ}ﬁbh("xt Fe xd 1 Adll ) mln{ATt} Zt 1|1 —exp -5 )

1
s.t.vVd € {1,,D},5A£Ad Ikd' A[ ]/{d}A[ D)/{d} = Ik—d’

where h is an adjustment parameter. The tuning parameter h controls the sensitivity of the
estimator to outliers. By appropriately choosing h, a good balance between bias and variance
can be found to improve the robustness of the estimate.

2 . P . .
For the term || X, — F, xX5_, AdIIF, upon simplification, we obtain:

o 2 d
X — Fr XG4 Al = th( ) (Fr x5-1 Ag)@ HF

AT 4-(d aT d DT - (d (5)
o) < 2 (O A EO M) + (D)

To solve the optimization problem of the objective function (4), we assume that given A; and
A([p)/(ay), the value of tensor F; does not affect the optimal solution of the objective function

Lexponential - Therefore, for any 1 < ¢t < T, the firstorder condition is:

0 @T (@) @T ;@ )7 @T @) _
g (Tr(o T2 P) = 21 (X T AF P Ay ) +pTe(FOTE, ))_0 6)

We can obtain:

@ _ (@)
F, ATx Apy/[a) (7)

Using (5) to replace || X; — F; X gzlAdiilZE in (4), and substituting Tt(d) in (4) with (7), under the
. 1 .7 _ 1 T _ _ .. . .
constraints aAdAd = Ikd,pTdA[D]/[d]A[D]/[d] =I_,,d =1,-+,D, the optimization problem in

(4) can be solved by minimizing the following Lagrangian function:

_1lyr (@5 @) _ L pp( @7 @
L =%, I1 — exp (—gTr(xt X, )—;T (T A Appyay Al ]/{d}))l (8)

where 0,4 is parameter matrices. By derivation of the Lagrangian function constructed in (8),
we can get:

oL

2
04a  Tppg Sy wa X VA Al ]/{d}x A, +-A4404 = 0 9)

where (9) can be equivalently expressed as:
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1 T
Tpp-a

21 Wa X Ay Al X Aa = A, (10)

where wy ; is the weighted weight under the exponential square loss function, which can be
expressed as:

@T_(d)
1 d
Wae= rexp (—¥+ =Tr(x( VT A AT Al ay Al ]/{d})) (11)

Transform the left side of equation (9) and express it by M} and M[ p}/(a respectively:

w
a

= o= St Wa X Ay Al X (12)

Substituting (12) into (10) results in:
Mg'Ag = Aa®q (13)

Arrange the first k, largest eigenvalues of the matrix M/ in descending order as A4, ..., Aq k,
and their corresponding eigenvectors are U; = (ud,l ud,kd). Then,

Ag:=\/paUq (14)

can be used as the estimate for A,, and:

@Z: = diag(ld,l, . Ad,kd) (15)

be used as the estimate for 0.
In the process of solving for A, through (12), Ajpj\(a} is required as a condition for constituting

My, thus introducing the concept of iterative estimation. The exponential square weighted
iterative algorithm is shown in the following Algorithm :

Input: tensor data {X,}I_,, factor numbers {k,}°_,. initial estimation of loading matrices

{ A(O)}d .
5(w,s+1).

. D
Output: loading matrixs {AS’V'SH)}d and signal tensor S,
=1

Step 1: compute

rw,s+1) _ A(w,s) ~(w,s) ~w, s+ 1) ~(w,s+1)
Apjjay =Ap " @@ Agyy @dgy @4,

Step 2: compute

1 1 1 .
~ (s+1) _ (@D)T A~(d) (@T 2(w,s) A(W,S)T A~(d) A(w,s+1) 2(w,s+1)
e =2exp (_E [Tr(xt x®) -5 T r (o OTAY DAY T x DAL DA )])
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Step 3: compute

T
(w,s+1) _ (s+1) (@) fW,s+1) AW,s+1)T 4~ ()T
Mg Tpp Z Xt Apijay Apijay Xe
t=1
Step 4: compute AS’V’SH) as ,/pq times the matrix with columns being the first k; eigenvectors

x(w,s+1)
of M, .

Step 5: repeat steps 1 to 4 until convergence, or up to the maximum number of iterations, as
well as the core tensor and signal tensor at step s + 1.

)

A 1 o N
Tt(w,s+1) — Ext X, Agw,s+1)T Xy Xp A(Dw,s+1)T
CSQt(w,s+1) — :ﬁ.t(w,s+1) X, Agw,s+1) Xy -t X A(Dw,s+1)

2.3. Tuning Parameter Selection

In the previous section, when introducing the exponential squared loss to establish the
minimization objective function, attention was paid to the parameter value h of the function
itself.

— - " D "
Lexponential - {T%?}Lexponential ("xt - *Tt Xa=1 Ad"F)

) 2 (16)
= min — T, Il — exp (- wﬂ

{AF3 TP h

In practice, when solving the minimization problem in (5), it should satisfy h > || X, —
Fr X gzlAdiiF. Therefore, when about to perform estimation, the selection is h =

R A0 112
argmax T{ ?=1||xt _j:t(O) X 3=1AE10) "F}
1st<T

3. Simulation Study

3.1. Data Generation

In this section we exhibit the finite sample performance of the proposed robust procedure by
Monte Carlo Simulation. Let X; be the observed tensor at time t,t = 1,2, ...,T. Suppose that
tensor observations are generated by an order-3 tensor factor model:

X = Fp Xq Ay Xy Ay X3 A3+ & (17)

where X, € RP1*P2XP3 F, € Rk1xk2xks A € RPi*ki with the entries of A;, A, and A5 generated
independently from the uniform distribution U(—1,1). Here assume that k; = k, = k3 = 2.

The core tensor factor F, € R?*?*? is generated by the model:

Fe=¢Fi 1 +1— 2V, t €[T] (18)
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where vec(V;) ~ N, (0,1;),k = k k,ks = 8, and ¢ controls temporal correlation of tensor
factor. The tensor noise £, € RP1*P2*Ps js generated by the model:

E = Y&, +J1—P?U,, t € [T] (19)

where U; is a tensor normal or t distribution, and ¥ controls temporal correlation of &;. If U; ~
TN(M,Z4,2,,23), then Vec(U;) ~ N (Vec(M),Z2; Q £, Q X,). If U, is a tensor t distribution
t,(M,Z4,Z,,23), then Vec(U,) is a multivariate t distribution t,(M,Z; @ £, @ Z,). Here set
v( degrees of freedom)=2 and M = 0. Let X, be the matrix with 1 on the diagonal and 1/p; on
the off-diagonal for [ = 1,2,3.

For the selection of dimensions for X;, the dimensions (p;,p, p3) of X; are set to size
1:(10,10,10), size2: (20,20,50), and size 3:(20,50,100). The time series T issetto T = 20,T =
100. For ¢ and Y, we consider the ¢ = 0.8 and ¢ = 0.1.

Next, it will compare the Exponential Loss Weighted Iterative Method (ESWI) proposed in this
paper with other methods: IPmoPCA, iTOPUP, and iTIPUP.

3.2. Factor Loading Space Estimation

During the process of estimating the loading matrix, we utilize the comparison method
proposed by [5], for the estimated matrix A; and the actual matrix A,. The distance between
their column spaces is defined as:

D(Ag,Ag) = (1 —~ éTr(QAdQA;QdQ;)> d=123 (20)

where (0, and Q are the left singular matrices of the estimated loading matrix 4, and the true
loading matrix A,, respectively. Table I illustrate that ESWI and IPmoPCA achieve superior
accuracy and consistency in estimating under normal distribution conditions, with ESWI
particularly excelling in handling heavy-tailed ( t, distribution) data across 100 tests. ESWI
stands out for its robustness in both scenarios, proving to be the most stable and reliable
method among the four evaluated.
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Figure 1. Under the assumption of normal distribution (non-heavy-tailed data), the
calculation results ofD(Ad,Ad), d = 1,2,3 (repeated 100 times)

T=50 T=50 T=50
[ E3 ESWI B ESWI
o & ipmorcA 10 & PmoPcA 10 ool S
& [TOPUP & [TOPUP ko & iTOPUP
E TIPUP &3 [TIPUP B TIPUP
078 075 alf * 075
0.50 H 0.50 0.50 H H H
0.25 - J 0.29 é 0.24 H
0.00 ¥ > = 0.00 % - = ‘ 0.0 é M -
Size Size2 Size3 Size1 Size2 Size3 Size1 Size2 Size3
(a)D(4,, A;) (b)D (4, 4,) (©)D(43,4;)
" T=1 OOEI — 1=100 T=100
B ESWI
& IPmoPCA g E’vagIPCA & |PmoPCA/
B iTOPUP 5 TOPUP £ ITOPUP
B iTIPUP 0.75 8 TIPUP 074 8 iTIFUP
0.79
. . .| osd + | o050 ¥
0.509 & Y ‘
I Iﬂ
oo 0.25 i 025 ) %
ood T - - ood T = - ool T + +1-
Size Size2 Size3 Sizel Size2 Size3 Sizel Size2 Sized
(d)D(A1’A1) (e)D(Az’Az) (QD(A3:A3)

Figure 2. Under the assumption of t, distribution(heavy-tailed data), the calculation results of
D(/id,Ad), d = 1.2,3 (repeated 100 times)

Figures 1 and 2 illustrate that ESWI and IPmoPCA achieve superior accuracy and consistency
in estimating under normal distribution conditions, with ESWI particularly excelling in
handling heavy-tailed ( t, distribution) data across 100 ) tests. ESWI stands out for its
robustness in both scenarios, proving to be the most stable and reliable method among the four
evaluated.
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3.3.

This section compares various methods for estimating the common components §; in

simulated scenarios, using Mean Squared Error (MSE) between the estimated signal $; and the
true signal S; for evaluation:

Estimation of the Signal Part

1 A 2
MSE = o {=1 IS¢ — St"p (21)

Figures 3 and 4 reveal that ESWI, IPmoPCA, and iTOPUP perform comparably in non-heavy-
tailed data, but ESWI excels in heavy-tailed data with robust estimation. Overall. ESWI
demonstrates superior robustness and outperforms the other methods.
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Figure 3. Estimation results of the signal part S; under the assumption of normal distribution
(non-heavy-tailed data) (repeated 100 times)
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Figure 4. Estimation results of the signal part S; under the assumption of t, distribution
(heavy-tailed data) (repeated 100 times)

4. Application

In this section, use tensor factorization methods to a set of Moving MNIST data consisting of
100 video sequences, each comprising 20 frames. In each video sequence, two digits move
independently across the frames, where each frame is an image with a spatial resolution of
64 X 64 pixels. This data can be represented as a collection of third-order tensor time series
X, € RO*¥64%20 for ¢ € [100], where the first and second modes are the pixel row and column
coordinates, respectively, and the third mode is the frame number. Figure 5 displays X}, for t €
[100].
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e t=2 =3 t=99 t=100
Figure 5. Third-order tensor video data X, € R®*64%20 t = 1 ... 100.

First perform tensor Tucker decomposition modeling:

Xt=,7:'t>< 1A1 XZ Az X3 A3 +gt1t= 1,"',100 (22)

where the matrices 4; € R6**¥1 4, € R®***z and 4; € R?%*ks, F, € Rk1*k2*ks gre the common
factor tensor. k4, k, and k5 are the numbers of factors to be determined.

Figures 6 and 7 show the real video motion and the estimated motion trajectory of the signal S,
at time t = 15, respectively. As the number of factors (kq, k,, k3) increases, the recovery
performance of the four methods becomes stronger. The ESWI method is not only better than
other methods in image recovery, but also can more accurately reflect the motion patterns in

the 20 -frame dynamic action of the video.
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Figure 6. When the number of factors k; = 4,k, = 4,k; = 3,t = 15 video of S, reconstruction
for ESWI, IPmoPCA, iTOPUP, and iTIPUP.
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Figure 7. When the number of factors k; = 16,k, = 16,k; = 8,t = 15 video of §;
reconstruction for ESWI, IPmoPCA, iTOPUP, and iTIPUP.

The ESWI method performs exceptionally well in the restoration of video images. For further
research, we will focus solely on analyzing using the ESWI method. Regarding the final selection
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of the number of factors, to ensure that the explained variance in model, modeZ2, and mode3 is
above 80%, we choose k; = 4,k, = 4,k; = 3 as the estimated number of factors. Thus the
loading matrices 4; € R®**%, 4, € R®*** and A; € R?%*3, Actually, the load matrix 4, and 4,
respectively represent the influence on the x-coordinates and y-coordinates of a 64 pixel grid.
The left side of Figure 8 shows the stacked image we created from 2000 images of 64 X 64
pixels in X}; the higher the value, the more frequently that area appears in the images. It can be
intuitively seen that the regions of motion in the 2000 video images primarily occur within the
X-coordinate range of 15-40 and Y-coordinate range of 15-40. After multiplying the values of
A; and A,, the right image was plotted. It reveals that the loads A; and A, accurately reflect the
main motion areas of the images, especially within the X-coordinate range of 20-35 and Y-
coordinate range of 25-30, where the images appeared most frequently.

)
(el mﬁ
"'|‘\\\\\\\\l\\\
T

40

Y Axis 0 o X Axis Y Axis 00 X Axis
(a) Real situation (b)Estimated situation
Figure 8. Frequency diagram in video images and estimation results of load A; and A4,.

Figure 9 depicts the heatmap of load estimates for A; and the clustering results for frames 1-
20. A5 clusters frames 1-7, 8-13, and 14-20 respectively. This is because, for the motion of
letters in 100 different video images, the predominant movement pattern in frames 1-7 is
diagonal motion. In frames 8-13, the two letters move in opposite directions, and in frames 14-
20, the two letters appear inverted and then move.
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(a) Load matrix heatmap of Aj (b)Clustering results
Figure 9. Estimated load diagram and clustering results of A;.
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5. Conclusion

This paper proposes the ESWI method for the optimization objective based on norm
minimization. Through a large number of data simulations, it is verified that this method is
superior to other methods. The ESWI method is then applied to a set of video data. By
comparing with other methods, it can be concluded that the ESWI method can reconstruct
tensor video data well, capture the information in the key pixel principal component analysis,
and determine the letters in the video image. sport mode.
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